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Abstract
In the preceding papers [H. Hamanaka, A. Kono, On [X,U(n)], when dimX is 2n, J. Math. Kyoto Univ. 43 (2) (2003) 333–
348; H. Hamanaka, On [X,U(n)], when dimX is 2n + 1, J. Math. Kyoto Univ. 44 (3) (2004) 655–667; H. Hamanaka, Adams
e-invariant, Toda bracket and [X,U(n)], J. Math. Kyoto Univ. 43 (4) (2003) 815–828], the group structure of the homotopy set
[X,U(n)] with the pointwise multiplication is studied, where X is a finite CW-complex and U(n) is the unitary group. It is seen
that nil[X,U(n)] = 2 for some X with its dimension 2n, and, when dimX = 2n + 1 and n is even, [X,U(n)] is expressed as the
two stage central extension of an Abelian group, i.e., nil[X,U(n)] 3.
In this paper, we consider the nilpotency class of [X,U(n)], especially, for given k, the maximum of the nil[X,U(n)] under the
condition dimX  2n + k is estimated and determined for k = 0,1,2.
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1. Introduction
Let U(n) be the unitary group. For a finite CW-complex X, we consider the group of the homotopy set [X,U(n)]
with its multiplication defined by the point-wise multiplication of U(n) and call it “unstable K-theory”, because
it equals to K˜1(X) when n is sufficiently large, i.e., 2n > dimX. For the simplicity, we always assume that X is
connected in the rest.
This means the nilpotency class nil[X,U(n)] 1 when dimX < 2n and in [3] it is seen that nil[X,U(n)] = 2 for
some X with its dimension 2n. In [4], it is shown that, when n is even and dimX = 2n + 1, [X,U(n)] is expressed
as the two stage central extension of an Abelian group, i.e., [X,U(n)] 3. In general for any CW-complex X having
finite category < c and a connected topological group G, [X,G] is nilpotent of class < c (see [8]). Also, the result
of [5] implies that U(n) itself is homotopy-nilpotent and guarantees that nil[X,U(n)] has a certain maximum as X
ranges over all finite CW-complexes but its explicit value is not known in general, while in [2] it is shown that U(2)
is homotopy-nilpotent of class < 14.
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fixed n and k. We set
Nn,k = max
{
nil[X,U(n)] | dimX  2n+ k}.
The obtained estimate of Nn,k in general case is the following and shown in Section 2.
Theorem 1. Nn,k  k + 2.
In [3] we investigated [X,U(n)], by using the exact sequence[
X,ΩU(∞)]Θ(X)−→[X,ΩWn] → [X,U(n)]→ [X,U(∞)] T (X)−→[X,Wn] (1)
where Wn = U(∞)/U(n). When dimX = 2n, [X,ΩWn] is Abelian and (1) induces the central extension
0 → CokerΘ(X) → [X,U(n)]→ KerT (X) → 0. (2)
This implies that nil[X,U(n)] 2 in this case. Remark that, in spite of the non-commutativity of [X,U(n)], we use
notation of Abelian groups here.
In fact, we see that [X,ΩWn] also remains Abelian, if dimX < 4n. However, when dimX = 2n+ 1 and n is even,
the extension (2) may not be central (Section 4), while, when dimX  2n+ 2 and n is odd, the extension (2) is central
(Section 3).
Actually, we have the following result.
Theorem 2.
Nn,0 = 2, (3)
Nn,1 =
{
2 n: odd,
3 n: even, (4)
Nn,2 =
{2 n: odd,
4 n ≡ 0 mod 8. (5)
To prove the above theorem, we consider in Section 4 the condition for X to satisfy nil[X,U(n)] = 3 where n is
even and dimX = 2n+ 1 and show
nil
[
S1 × S1 ×ΣCPn−1,U(n)]= 3,
where CP i is the i-dimensional complex projective space. Then in Section 5, we see
nil
[
S1 × S1 × S1 ×ΣCPn−1,U(n)]= 4,
if n ≡ 0 mod 8, i.e., N8k,2 = 4. All through this paper, we do not distinguish a map and its homotopy class. The coeffi-
cient ring of cohomology is integer, unless mentioned. The mod 2 reduction of an element of the integral cohomology
is denoted by the same symbol.
2. General estimate
In this section we give general estimates of Nn,k . Consider the fibration sequence
ΩU(∞) Ωp−→ΩWn δ−→U(n) i−→U(∞) p−→Wn
and the commutator map γ :U(n)∧ U(n) → U(n). Since i ◦ γ is null homotopic, we have a lift γ1 :U(n)∧ U(n) →
ΩWn satisfying δ ◦ γ1  γ . Especially, we use the lift stated in Proposition 5.2 of [3].
Recall that ΩWn is (2n − 1)-connected and construct the connected covers of ΩWn inductively as follows
· · · d4−→ΩWn〈3〉 d3−→ΩWn〈2〉 d2−→ΩWn〈1〉 d1−→ΩWn,
where ΩWn〈k〉 denotes the (2n+ k − 1)-connected cover of ΩWn. We also set Dk = d1 ◦ d2 ◦ · · · ◦ dk .
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d1 ◦ γ2 = γ1 ◦ (1U(n) ∧ δ). Since U(n)∧ΩWn〈k〉 is (2n+ k)-connected, this construction can be done inductively. In
other words, we can take maps γk :U(n)∧ ΩWn〈k−2〉 → ΩWn〈k−1〉 which satisfy
dk−1 ◦ γk = γk−1 ◦ (1U(n) ∧ dk−2). (6)
Refer to the diagram below.
U(n) ∧ ΩWn〈2〉
1U(n)∧d2
ΩWn
〈2〉
d2
U(n) ∧ ΩWn〈1〉
1U(n)∧d1
γ3
ΩWn
〈1〉
d1
U(n) ∧ ΩWn
1U(n)∧δ
γ2
ΩWn
δ
U(n) ∧ U(n) γ
γ1
U(n)
Now, we set Γk :
∧k+1
U(n) → U(n) and Γ˜k :∧k+1 U(n) → ΩWn〈k−1〉 inductively as
Γ1 = γ, Γk = γ ◦ (1U(n) ∧ Γk−1),
Γ˜1 = γ1, Γ˜k = γk ◦ (1U(n) ∧ Γ˜k−1).
Lemma 3. Γk can be decomposed as the composition
k+1∧ Γ˜k−→ΩWn〈k−1〉 Dk−1−→ΩWn δ−→U(n).
Proof. By (6), we have
γ1 ◦
(
1U(n) ∧ (δ ◦Dk−2)
)= γ1 ◦ (1U(n) ∧ δ) ◦ (1U(n) ∧ d1) ◦ · · · ◦ (1U(n) ∧ dk−2)
= d1 ◦ d2 ◦ · · · ◦ dk−1 ◦ γk = Dk−1 ◦ γk.
Thus the statement follows by an easy induction:
Γk = γ ◦ (1U(n) ∧ Γk−1) = δ ◦ γ1 ◦
(
1U(n) ∧ (δ ◦Dk−2 ◦ Γ˜k−1)
)
= δ ◦ Dk−1 ◦ γk ◦ (1U(n) ∧ Γ˜k−1) = δ ◦Dk−1 ◦ Γ˜k. 
Let X be a CW-complex with its dimension 2n + k. For α0, α1, . . . , αm ∈ [X,U(n)], their multi-fold commutator
[α0, [α1, . . . [αm−1, αm] · · ·]] is the composition
X
Δ−→
m+1∧
X
∧
αi−→
m+1∧
U(n)
Γm−→U(n). (7)
where Δ is the diagonal map. Then, by the above lemma, this map is passing through ΩWn〈m−1〉 and hence, if
k < m − 1, [α0, [α1, . . . [αm−1, αm] · · ·]] = 0. This implies Theorem 1.
Corollary 4. If X is a CW-complex of dimension 2n+ k and is d-connected, nil[X,U(n)] k+1
d+1 + 1.
Proof. Reconsider the composition (7) as
X
Δ−→
m+1∧
X
∧m−1 1X∧(γ ◦(αm−1∧αm))−−−−−−−−−−−−−−→
m−1∧
X ∧ U(n)
∧
αi∧1U(n)−−−−−→
m−1∧
X ∧ U(n)
m∧
U(n)
Γm−1−→U(n).
Here γ ◦ (αm−1 ∧αm) passes through ΩWn, since γ = δ ◦ γ1. Thus the above composition passes through∧m−1 X ∧
ΩWn which is {2n+(m−1)(d+1)−1}-connected. Then, if 2n+k  2n+(m−1)(d+1)−1, nil[X,U(n)]m. 
H. Hamanaka / Topology and its Applications 154 (2007) 1368–1376 13713. When n is odd
Let n 2 and k  0. Using the results of [3], one can see that [S1 ×ΣCPn−1,U(n)] is non-commutative and this
means Nn,k  2. In this section, we see that Nn,1 = Nn,2 = 2 for odd n.
First we summarize some properties of ΩWn. The cohomology of ΩWn in lower dimensions can be referred as
H˜∗(ΩWn;Z) = Z〈a2n, a2n+2, a2n+4 . . .〉,
where |ai | = i and Sq2a2n = 0, if n is even, and Sq2a2n = a2n+2, if n is odd.
Also, some homotopy groups of ΩWn are well known as
π2n(ΩWn) = Z,
π2n+1(ΩWn) =
{
0 n: odd,
Z/2 n: even,
π2n+2(ΩWn) =
{
Z n: odd,
Z/2 ⊕ Z n: even.
Moreover, as stated in [6], the stunted quasi-projective space approximates Wn in lower dimensions: If we denote
CP j/CP i−1 (∞ j > i − 1) by CP ji , the usual embedding φ :ΣCP∞n → Wn is (4n + 3)-connected. Thus, since
CP∞n is (2n− 1)-connected, the composition
πi
(
CP∞n
) Σ−→πi+1(ΣCP∞n ) φ∗−→πi+1(Wn) adjoint−→ πi(ΩWn)
is isomorphic for i  4n − 2 and epic for i = 4n − 1, that is, ad(φ) :CP∞n → ΩWn is (4n − 1)-connected. Note that
the lower part of the CW-complex structure of CP∞n is
CP∞n =
{
S2n ∪η e2n+2 ∪ (cells of dimensions higher than 2n+ 3) n: odd,
S2n ∨ S2n+2 ∪ (cells of dimensions higher than 2n+ 3) n: even. (8)
Lemma 5. When dimX < 4n, the group of the homotopy set [X,ΩWn] is Abelian.
Proof. For any α,β ∈ [X,ΩWn], their commutator is the composition
X
Δ−→X ∧ X α∧β−→ΩWn ∧ ΩWn γ
′
−→ΩWn
where γ ′ is the commutator map of ΩWn. Since ΩWn ∧ ΩWn is (4n− 1)-connected, [α,β] = 0. 
Let n be odd. We consider the exact sequence of (1) for X with dimX  2n+ 2,[
X,ΩU(∞)]Θ(X)−→[X,ΩWn] → [X,U(n)]→ [X,U(∞)] T (X)−→[X,Wn].
Lemma 6. The above sequence induces the central extension
0 → CokerΘ(X) → [X,U(n)]→ KerT (X) → 0.
Proof. Take α ∈ [X,U(n)] and β ∈ [X,ΩWn] and we set β ′ = δ ◦ β ∈ [X,U(n)]. What we have to show is that
[α,β ′] = 0. The commutator [α,β ′] is the composition
γ ◦ (1U(n) ∧ δ) ◦ (α ∧ β) ◦ Δ = δ ◦ γ1 ◦ (1U(n) ∧ δ) ◦ (α ∧ β) ◦Δ.
See the diagram below. This composition passes through U(n)∧ΩWn and ΩWn. Note that U(n)∧ΩWn = S2n+1 ∪
(cells of dimensions > (2n+ 2)). Hence, X (α∧β)◦Δ−→ U(n) ∧ ΩWn passes through S2n+1, while π2n+1(ΩWn) = 0.
Therefore [α,β ′] = 0.
S2n+1 ΩWn
δ
Δ α∧β
U(n) ∧ ΩW 1U(n)∧δ U(n) ∧ U(n) γ
γ1
U(n)

X X ∧ X n
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4. When n is even and dimX = 2n + 1
In this section, let n be even and we shall find a CW-complex X with its dimension 2n + 1 satisfying
nil[X,U(n)] = 3. Such an example says that the extension (2) is no longer central in this case.
Let  :U(1) → U(n) be the inclusion, α :S2n → ΩWn be a generator of π2n(ΩWn) and ρ :U(n) →
U(n)/U(n − 1) = S2n−1 be the natural projection. As seen in Section 3, CP∞n → ΩWn is (4n − 2)-connected
and α can be decomposed as
S2n = CPnn ↪→ CP∞n → ΩWn.
Also by (8) α induces an isomorphism
α∗ :π2n+1
(
S2n
)→ π2n+1(ΩWn). (9)
We start with the next lemma.
Lemma 7. The composition S2n α−→ΩWn δ−→U(n) ρ−→S2n−1 is the generator of π2n(S2n−1), i.e., ρ ◦ δ ◦ α  η.
Proof. From the homotopy exact sequences of fibrations, both π2n(ΩWn)
δ∗−→π2n(U(n)) and π2n(U(n)) ρ∗−→
π2n(S2n−1) are epic (note that n − 1 is odd). Therefore the generator α ∈ π2nΩWn corresponds to the generator
η ∈ π2n(S2n−1) by ρ∗δ∗. 
Let α′ be the composition δ ◦α. We would like to determine the Samelson product 〈,α′〉 ∈ [S2n+1,U(n)] ∼= Z/2Z.
If we use the embeddings U(1) = U(1) ⊕ 1Cn−1 ⊂ U(n) and U(n − 1) = 1C ⊕ U(n − 1) ⊂ U(n), U(1) and
U(n − 1) commute in U(n) and γ ◦ ( ∧ 1U(n)) passes through U(1) ∧ U(n)/U(n − 1) = S2n. Thus we set
γ ◦ ( ∧ 1U(n)) :U(1) ∧ U(n) 1∧ρ−→S2n γ−→U(n).
Refer to the diagram below. Moreover S2n γ−→U(n) i−→U(∞) is null homotopic and we can take a lift λ :S2n →
ΩWn satisfying δ ◦λ = γ . Let d be the integer satisfying λ = dα ∈ π2n(ΩWn) ∼= Z. Remark that π2n(U(n)) ∼= Z/n!Z
and λ has the indeterminacy of modulo n!α.
ΩU(∞) = BU
Ωp
U(1) ∧ ΩWn
1∧δ
ΩWn
δ
S1 ∧ S2n
1∧α
1∧α′
U(1) ∧ U(n)
γ1◦(∧1U(n))
γ ◦(∧1U(n))
1∧ρ
U(n)
i
S1 ∧ S2n−1 γ
λ
U(∞)
(10)
Lemma 8. d is odd.
Proof. Since U(1) and U(n) homotopy-commute in U(∞), γ ◦ ( ∧ 1U(n)) has a lift U(1)∧U(n) → ΩWn. Assume
we can take two lifts λ′, λ′′. Then λ′ − λ′′ ∈ [U(1) ∧ U(n),ΩWn] has a lift μ :U(1) ∧ U(n) → ΩU(∞) = BU .
Since a2n corresponds to the primitive class ±s2n by the cohomology map H2n(ΩWn) Ωp
∗
−→H2n(ΩU(∞)) ∼= H2n(BU)
(see [3]),
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= ±μ∗(ncn + decomposable elements)
= ±nμ∗(cn)
where cn is the nth Chern class. Thus we have
λ′∗(a2n) ≡ λ′′∗(a2n) mod n.
On the other hand, we have actually two lifts. In the rest we denote a generator of Hk(Sk) by ek and also refer the
cohomology ring of U(n) as
H∗
(
U(n)
)=∧(x1, x3, . . . , x2k−1)
where |xk| = k. One lift is the composition λ ◦ (1 ∧ ρ) and(
λ ◦ (1 ∧ ρ))∗(a2n) = (1 ∧ ρ)∗(de2n) = dx1 ⊗ x2n−1.
The other lift is made by using the adjoint of the James map λJ as
U(1) ∧ U(n) 1∧ρ−→S1 ∧ S2n−1 ad(λ
J )−→ ΩS2n+1 ⊂ ΩWn
and this map induces the cohomology map which maps a2n to x1 ⊗x2n−1 (see [1]). Thus d ≡ 1 mod n and especially d
is odd. 
Proposition 9. The Samelson product 〈,α′〉 ∈ π2n+1(U(n)) is non-zero.
Proof. Referring the diagram (10), we have
〈,α′〉 = γ ◦ ( ∧ α′)
= γ ◦ (1 ∧ ρ) ◦ (1 ∧ δ) ◦ (1 ∧ α)
= δ ◦ λ ◦ (1 ∧ (ρ ◦ δ ◦ α))
= δ ◦ (dα) ◦ η = δ ◦ α ◦ (dι) ◦ η.
Here, since η is the stable map and d is odd,
(dι) ◦ η = dη = η ∈ π2n+1
(
S2n
) α∗∼= π2n+1(ΩWn).
Thus (dα) ◦ η = 0 and 〈,α′〉 = 0, since π2n+1(ΩWn) δ∗−→π2n+1(U(n)) is isomorphic. 
We set γ˜ = γ1 ◦ (1U(n) ∧ δ).
Corollary 10. γ˜ ◦ ( ∧ α)  α ◦ η :S2n+1 → ΩWn.
Proof. Since 〈,α′〉 = δ ◦ γ˜ ◦ (∧α), we have γ˜ ◦ (∧α) = 0. By (9) we know π2n+1(ΩWn) = Z/2 and the statement
follows. 
Let ΩWn〈1〉
κ−→K(Z/2,2n + 1) be the map obtained by killing the homotopy group π∗(ΩWn〈1〉) (∗  2n + 2)
and set b2n+1 = κ∗(ε2n+1) ∈ H2n+1(ΩWn〈1〉;Z/2) where ε2n+1 is the fundamental class of K(Z/2,2n + 1).
Corollary 11. We have γ2∗(b2n+1) = x1 ⊗ a2n ∈ H2n+1(U(n) ∧ ΩWn;Z/2).
Proof. Since d1∗ :π2n+1(ΩWn〈1〉) → π2n+1(ΩWn) is an isomorphism, above corollary implies that the composition
γ2 ◦ ( ∧ α) is the non-zero generator of π2n+1(ΩWn〈1〉). Thus ( ∧ α)∗γ ∗(b2n+1) is non-zero and the statement
follows. 
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then ∑
k+l−1=n
α1
∗(x1) ∪ α2∗(x2k−1) ∪ α3∗(x2l−1) = 0 ∈ H2n+1(X;Z/2).
Proof. By the previous corollaries and Proposition 5.2 of [3],
Γ˜2
∗(b2n+1) = (1 ⊗ γ1∗)γ2∗(b2n+1)
= (1 ⊗ γ1∗)(x1 ⊗ a2n)
=
∑
k+l−1=n
x1 ⊗ x2k−1 ⊗ x2l−1 ∈ H2n+1
( 3∧
U(n);Z/2
)
.
Thus by the isomorphism [X,ΩWn〈1〉] κ∗−→[X,K(Z/2,2n + 1)] = H2n+1(X;Z/2), Γ˜2 ◦ (α1 ∧ α2 ∧ α3) ◦ Δ corre-
sponds to
∑
k+l−1=n α1∗(x1) ∪ α2∗(x2k−1) ∪ α3∗(x2l−1). Hence by Lemma 3 the statement is proved. 
Theorem 12 offers the necessary condition for X with its dimension 2n + 1 to satisfy nil[X,U(n)] = 3. If we
assume an additional condition, it turns to be a sufficient condition. Let X′ be the 2n-skeleton of X. Then X/X′ ∨
S2n+1. We denote the projection X → X/X′ by q .
Theorem 13. In Theorem 12, we add the assumption that q∗ :
⊕
π2n+1(U(n)) ∼= [∨S2n+1,U(n)] → [X,U(n)] is
monic. Then [α1, [α2, α3]] = 0 if and only if∑
k+l−1=n
α1
∗(x1) ∪ α2∗(x2k−1) ∪ α3∗(x2l−1) = 0 ∈ H2n+1(X;Z/2).
Proof. In [4], the spaces Uˇ (∞) and Wˇn are introduced and we have the next commutative diagram in which two rows
are fibration sequences.
ΩUˇ(∞) ΩWˇn U(n)
=
Uˇ (∞)
ΩU(∞) Ωp ΩWn δ U(n) i U(∞)
In fact, ΩWˇn = ΩWn〈1〉 and the map ΩWˇn → ΩWn in the above diagram is d1. Using the cofibration X′ → X →∨
S2n+1, we have the next diagram.
0
[X,ΩUˇ(∞)] [X,ΩWn〈1〉] (δ◦d1)∗ [X,U(n)]
[∨S2n+1,ΩUˇ(∞)] [∨S2n+1,ΩWn〈1〉] [∨S2n+1,U(n)]
q∗
[∨S2n+1, Uˇ (∞)]
By the definition, π2n+1(ΩUˇ(∞)) = 0 and, by an easy diagram chasing, one can see [X,ΩWn〈1〉] (δ◦d1)∗−→ [X,U(n)] is
monic, if q∗ is monic. Therefore
∑
k+l−1=n α1∗(x1)∪α2∗(x2k−1)∪α3∗(x2l−1) ≡ 0 mod 2 means 0 = [α1, [α2, α3]] =
(δd1)∗(Γ˜2 ◦ (α1 ∧ α2 ∧ α3) ◦ Δ) by Theorem 12. 
Using previous results, we have the next theorem. We denote a generator of H∗(CP k) by t . Then H∗(CP k) =
Z[t]/(tk+1).
Theorem 14. Let n be even. Then, nil[S1 × S1 × ΣCPn−1,U(n)] = 3.
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components respectively. Also we set ′ =  ◦ p1, ′′ =  ◦ p2 and β ′ = β ◦ p3 where β :ΣCPn−1 → U(n) be the
usual embedding of the suspended projective space obtained by the general reflection. Then in H2n+1(X;Z/2)∑
k+l−1=n
′∗(x1) ∪ ′′∗(x2k−1) ∪ β ′∗(x2l−1) = e1 ⊗ e1 ⊗Σtn−1 = 0.
Thus by Theorem 13 all we have to show is that q∗ : [X/X′,U(n)] → [X,U(n)] is monic where X′ is the 2n-
skeleton of X as above. Using the usual cell structure of CPn−1, q is the composition X q1−→Σ3CPn−1 q2−→Σ3CPn−1n−1 ,
where q1 and q2 are natural projections. Remark that q1∗ : [Σ3CPn−1,U(n)] → [X,U(n)] is monic. Consider the
usual cofibrations
Σ3CPn−2n−2 → Σ3CPn−1n−2
r1−→Σ3CPn−1n−1 , (11)
Σ3CPn−1 r2−→Σ3CPn−1n−2 → Σ4CPn−3. (12)
By the action of Sq2 on H∗(Σ3CPn−1n−2 ;Z/2), the cofibration (11) is the trivial cofibration S2n−1 → S2n−1 ∨S2n+1 →
S2n+1 up to homotopy. Thus r1∗ : [Σ3CPn−1n−1 ,U(n)] → [Σ3CPn−1n−2 ,U(n)] is monic. Also, since [Σ4CPn−3,U(n)] =
K˜1(CPn−3) = 0, r2∗ : [Σ3CPn−1n−2 ,U(n)] → [Σ3CPn−1,U(n)] is monic. Thus q2∗ = (r1 ◦ r2)∗ is monic. 
5. nil[S1 × S1 × S1 × ΣCPn−1]
Finally, in this section, we show that nil[S1 × S1 × S1 × ΣCPn−1] = 4 when n ≡ 0 mod 8. In the rest, we set
X = S1 × S1 × S1 × ΣCPn−1 and let pi :X → S1 (i = 1,2,3) and p4 :X → ΣCPn−1 be the projections to the
components respectively. Also we set i =  ◦ pi (i = 1,2,3) and β ′ = β ◦ p4.
Theorem 15. If n ≡ 0 mod 8, [1, [2, [3, β ′]]] = 0 in [X,U(n)].
Proof. Since [1, [2, [3, β ′]]] is the composition X → Σ4CPn−1 ∧∧∧β−→ ∧4 U(n) Γ3−→U(n) and [Σ4CPn−1,
U(n)] → [X,U(n)] is monic, we prove that Γ3 ◦ ( ∧  ∧  ∧ β) = 0.
We set λ = γ1 ◦ ( ∧ β) :Σ2CPn−1 → ΩWn. By (9), α is 2n-connected and λ passes through S2n as
Σ2CPn−1 λˆ−→S2n α−→ΩWn. Then by Corollary 10 we have the following commutative diagram.
S2n+2
η
∧∧α
S2n+1
η
∧α
S2n
α
Σ4CPn−2
0
∧2
U(n) ∧ ΩWn 1∧γ˜
1∧1∧δ
U(n) ∧ ΩWn γ˜
1∧δ
ΩWn
δ
Σ4CPn−1
∧∧λ
∧∧∧β
Σ2λˆ
∧4
U(n)
1∧1∧γ ∧3
U(n)
1∧γ ∧2
U(n)
γ
U(n)
Therefore
Γ3 ◦ ( ∧  ∧  ∧ β) = δ ◦ γ˜ ◦ (1 ∧ γ˜ ) ◦ ( ∧  ∧ λ) = δ ◦ α ◦ η ◦ η ◦Σ2λˆ.
Thus from Lemma 7 it is sufficient to show that η3 ◦Σλˆ = 0.
On the other hand, since Σ4CPn−2 ↪→ Σ4CPn−1 Σ2λˆ−→S2n+2 is null homotopic by the dimensional reason and
Σ2λˆ∗(e2n+2) = Σ4tn−1 ∈ H∗(Σ4CPn−1), Σ2λˆ is just the quotient map r :Σ4CPn−1 → Σ4CPn−1n−1 up to homotopy.
We end the proof with the next proposition.
Remark 16. The above argument says that, for any n 2, the composition ρ ◦ Γ3 ◦ ( ∧  ∧  ∧ β) = η3 ◦ r . This is
just a generalization of the result in [2] that, when n = 2, the restriction of Γ3, U(1)∧U(1)∧U(1)∧SU(2) → SU(2)
is homotopic to η3.
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3
−→S2n−1 is not null-homotopic, if n ≡ 0 mod 8.
Proof. Consider the usual cofibration sequence
Σ4CPn−2 → Σ4CPn−1 r−→S2n+2 k−→Σ5CPn−2.
Since η3 = 0, what we need to show is that the image of k∗ : [Σ5CPn−2, S2n−1] → [S2n+2, S2n−1] does not con-
tain η3.
Note that k is the attaching map of the top cell of Σ5CPn−1. Since [Σ5CPn−4, S2n−1] = [Σ6CPn−4, S2n−1] = 0,
we have the following diagram in which vertical arrows are all equivalences.
[Σ5CPn−1, S2n−1] [Σ5CPn−2, S2n−1] k∗ [S2n+2, S2n−1]
[Σ5CPn−1n−3 , S2n−1]
∼=
[Σ5CPn−2n−3 , S2n−1] k
′∗
∼=
[S2n+2, S2n−1]
= (13)
We set k′ is the composition S2n+2 k−→Σ5CPn−2 → Σ5CPn−2n−3 . Then k′ is the attaching map of the top cell of
Σ5CPn−1n−3 . In [7] it was shown that, if n ≡ 0 mod 8,
Σ5CPn−1n−3 = S2n−1 ∪η∨ψ
(
e2n+1 ∨ e2n+3)
up to homotopy where ψ has its order 2 or 6, i.e., ψ = η3 or ±4ν.
We set Y = S2n−1 ∪η e2n+1 = Σ5CPn−2n−3 and j :S2n−1 → Y is the inclusion. By applying the functor [ · , S2n−1]
to the cofibration sequence S2n η−→S2n−1 → Y → S2n+1 η−→S2n, we can see that [Y,S2n−1] ∼= Z and its generator
corresponds to 2ι ∈ [S2n−1, S2n−1] by j∗. Hence Im k∗ = Im k′∗ in the diagram (13) is generated by φ∗(2ι) = ±8ν
or 0 and does not contain η3. 
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